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Jefimenko gave recently [1] new expressions for the electric and magnetic potentials of uniformly 
moving, time-independent charge distributions. We discuss these potentials for uniformly acceler-
ated distributions. As Jefimenko did. we implement two procedures either converting directly 
retarded into present position integrals or using relativistic transformations for a stationary charge 
in an instantaneous comoving inertial frame (Frenet-Serret tetrad). We discuss why, at the difference 
of what happens for uniform motions [1], both procedures provide different expressions for poten-
tials. 

1. Introduction 

As a contr ibut ion to the relations between re tarda-
tion and relativity [2]-[7], Jef imenko gave recently [1] 
new integrals for electric and magnet ic potentials of 
uniformly moving, t ime-independent charge distribu-
tions. In contras t to the familiar re tarded integrals, 
these new integrals that following Jef imenko we name 
"present posi t ion" integrals, express the potentials in 
terms of the posit ion occupied by the charge distribu-
tion at the moment for which the potent ials are to be 
determined. We discuss here what happens to these 
integrals for charge distributions moving with con-
stant acceleration (hyperbolic motion). 

Two procedures can be implemented to get present 
position integrals. One may start f rom retarded inte-
grals and use the equat ions of mot ion to translate the 
integrand to the position occupied by the charge at 
the time of observation. One may also start f rom the 
Coulomb potential of a stat ionary charge in a comov-
ing inertial f rame and apply the relativistic t ransfor-
mations between inertial frames. F o r uniformly mov-
ing charges, the comoving frame is inertial and bo th 
procedures give the same expression [1]. Fo r uni-
formly accelerated charges the si tuat ion is different 
and requires some discussion. 

Minkowski [8] was the first to recognize the interest 
in special relativity of hyperbolic mot ions later dis-
cussed more fully by Born [9] and Sommerfeld [10] 
with an application to a point charge describing such 
a motion [9], [11] (see Pauli [12] for a more complete 
discussion and [13]-[15] for recent works on electro-
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magnetism in uniformly accelerated media). As sug-
gested by De Donder [16] there exists in uniformly 
accelerated systems an ins tantaneous comoving iner-
tial frame S [17]-[19] in which the observer performs 
his measurements so that between S and the labora-
tory inertial f rame L one may use the same t ransfor-
mat ions as between L and a uniformly moving f rame 
R, except that the velocity between L and S is a func-
tion of space and time. And it is known [13], [20], [21] 
that for a system moving along a curve F in space-
time, as it is the case for hyperbolic motions, the iner-
tial frame S is provided by the Frenet-Serret tetrad 
[22] that we shall define later. 

There are many ways to describe an hyperbolic 
mot ion [18] but to get the analogue of a classical 
charge distribution, we need equat ions of the mot ion 
such that the velocity does not depend on the posit ion 
inside the charge distribution. And essentially two dif-
ferent descriptions are used in the literature: the Pauli-
Rindler picture [12], [23], [24], 

x = x' + b(cosh pt' — 1), y = y\ z = z' 

p(r + f 0) = sinh pt', p = a/c, b = c/p = c2/a (1) 

and the Möller picture [25], [26], [27], 

x -I- b = (x' + b) cosh p t', y=y', z=z' 

c(t + t0) = {x' + b) sinh pt'. (2) 

In these relations (x, t) and (x', t') denote respectively 
the space-time coordinates in the Minkowski space L 
and in the coaccelerating f rame K, t' is the proper 
time, a is a uniform acceleration, c the velocity of light 
and t0 the time when the hyperbolic mot ion starts. 
Both systems have been adjusted so that t' = 0 at 
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t — — t 0 with the relative velocity zero and x = x', 
y = y', z = z'. The velocity v(t, t0) that we assume in the 
direction x < 0 is 

v = c t anh pt', ß = t anh pt', 

y = (l — / ? 2 ) - 1 / 2 = cosh pt'. (3) 

v, ß, y are shor thand nota t ions and we have f rom (1) 

ß(t, t0) = p(t + t0) [1 +p2(t + t0)]~112, 

y(t, f 0 ) = [l +P2(t + to)2]i'2 (4a) 

and f rom (2) 

ß{x';t,t0) = p{t + t0)[(\ + x'/b)2 + p2(t +10)2]~112, (4b) 

y(x';t,t0)=(\+x'/brl[(l+x'/b)2 + p2(t + t0)2]112. 

In contrast to (4 a), the equat ions (4 b) show that for 
the Möller hyperbolic mot ion the velocity changes 
f rom point to point in the comoving frame in opposi-
tion to the condit ion previously imposed on the 
charge dis tr ibut ion which would appear as nonrigid 
with respect to the labora tory frame. So from now on 
we only work with (1) that we write after elimination 
of t' 

x = x' — b + b[\ +p2(t + t0)2]112 (5) 

which reduces for p(t + t0) small enough to the newto-
nian equat ion 

x = x' + a{t + t0)2/2. (5a) 

We assume that during a measurement process one 
may neglect the variation of acceleration so that the 
measurements are equivalent for the accelerated ob-
server and for the inertial observer having the same 
velocity. 

2. Retarded and Present Position Integrals 

for Potentials 

We now interpret (x', t') and (x, t) as the space-time 
coordinates of the radiat ion source at the retarded 
time and at the time of observation, respectively. We 
assume (see Fig. 1) that a charge distribution is at rest 
at the time - r0 when it is put in motion with the 
constant acceleration a according to (5). Then, using 
the nota t ion 

d ( p ( x \ t') = g(x', t') I x - x T 1 d 3 x ' , (6) 

the electric potential cp(x, r) for a time variable charge 
distr ibution is given for t<—t0 by the C o u l o m b law 

(p(x, f) = (4 7r £ 0 )~ 1 j d 0 ( x ' , t), t<-t0, (7) 

and for r > — r0 by the retarded integral 

(P(x, r) = (4 n e 0 ) ~ 1 j [dcp(x\ f)], t > - 1 0 (8) 

that, for a t ime-independent charge distr ibution re-
duces to 

(P (x, t) = (4 71 £0) •-1 J [d(P (x')], t > - fo. (8 a) 

General izing the Jef imenko result [1] we shall show 
how this last integral can be t ransformed into the 
present posit ion integral 

(P (X, f ) = (4 Tt £0) •-1 f {d<p ( x ' , t')}, t > -10. (8 b) 

In these integrals, [d</>] and {dtp} are the expressions of 
dcp at the times tr = t — | x — x ' | /c and f, respectively. 
Now the current density for a time-independent charge 
moving with the velocity v(t) is ;'(x, f) = @(x) v(t), so 
with 

d A ( x ' , t') = j(x', 0 I x - x ' 1 d 3 x ' (9) 

the re tarded integral for the magnetic vector potential 
is 

A{x, t) = (Ane0c2)'i f [dA{x',t% (10a) 

and we shall give for a uniformly accelerated mot ion 
the expression of the present position integral 

A(x, t) = (4 7i 6g c 2 ) ~ 1 J {dA(x', t')}. (10b) 

2.1 Scalar Potential 

We first explicit (8 a, b) for a t ime-independent 
charge ^(x) with the arb i t rary velocity v(t) in the x-di-
rection (an excellent discussion for a moving point 
charge is given in [28]). F o r simplification, we assume 
that the observer at the origin 0 of coordinates makes 
his measurements at t = 0 (the location and the time of 
observat ion have no effect on the result but assuming 
x = t = 0 simplifies calculations). Then, the retarded 
integral (8 a) becomes 

(p(0, 0) = (4 n £0)~1 J V ~ 1 ^(x') d 3 x ' , t>-t0. (11) 

x' is the position of the radiat ion source at the time 
tr = — r'/c, r'2 = x'2 + y'2 + z'2 and x its position at t = 0. 
So the relation between the abscissae x and x' is 

x = x' + j t°r v(t) dt, 

= x ' + X ( 0 ) - X ( f r ) . (12) 

F r o m (12) we get 

dx = (1 — x' X/c r') dx ' , X = dX/dtr, (13) 



Fig. 1. Uniformly accelerated charge 
distribution. 
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Subst i tut ing (13) into (11) gives the present posi t ion 
integral 

(f)(0, 0) = (4n c0)~1 J (r' — x' X/c)~J e ( x ) d 3 x , (14) 

in which x' and r' are expressed in terms of x and 
r = (x2 + y2 + z2)1/2 with the help of (12). F o r a uniform 
mot ion 

X = v, r' — x' X/c = [x2 + y ~ 2 (y2 + z 2 ) ] 1 / 2 (15) 

and (14) becomes the Jef imenko expression [1], 
F o r the hyperbolic mot ion of a charge dis t r ibut ion 

start ing to move at t = —t0 with the velocity v(t) = 
p(t + t0) [1 +p2(t + t0)2]~il2 the relat ion (12) becomes 

x + x' + (b2 + c2 t2)1'2 - [b2 +(r' — c t0)2]112 ,(16) 

a result that we could have obtained directly f rom (5) 
by making successively t = — r'/c and t = 0 and sub-
stracting the two corresponding expressions. 

Using (16) to get x' in terms of x gives very intricate 
formulae. But the parameter b is generally very large, 
for instance [20] b is abou t 101 6 m, which is approxi-
mately one light year for a = 9 m s - 2 . Then, assuming 
c t0<^b and neglecting the terms in b ~ 3 and higher, we 
get to the order 0(b~3) 

x = x' —(r'2 —2 c r0 r ' ) /2b + 0 ( b - 3 ) . (17) 

We also get this equat ion by assuming a small enough 
acceleration so that on the intervall [ —10 0) the hyper-

bolic mot ion can be described by the newtonian equa-
tion (5 a). 

F r o m now on, all calculations are made to the order 
0(b ~3) and this symbol is suppressed. F r o m (17) we 
get 

dx = (l —x'(r' — c t0)/b r') d x ' , (18) 

and a simple calculation in which r2=x2 + y2 + z2 

gives 

x ' = x + r 7 ( x ) + r 2 g ( x ) , (19) 

f ( x ) = r(r-2ct0)/2, g(x) = x(r-ct0) f (x)/r, (19a) 

so that (s2 = y2 -)- z2) 

r> = r + b-1r~l x f ( x ) + b~2 r'x f ( x ) 

• [s2 r~2 f (x) +2 x2 r~1 (r —c t0)] /2. (20) 

F r o m (18), (19), (20) we get 

dx ' / r ' = dx b [b r' — x' (r' — c 10)] ~1 

= dx/r B(x), B(x) = \-x/2b + (r-ct0) 

• [s2 r~2(r — ct0) — 4r]/Sb2. (21) 

Substi tuting (21) into (11) gives to the order 0(b~3) the 
present posit ion scalar potential for the hyperbolic 
mot ion (1) 

(F)(0,0) = (4neo)-1 B ~ 1 ( X ) Q ( X ) d 3 x . (22) 
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As easily seen, the main difficulty for a nonuni form 
mot ion is to get f rom (12) x' in terms of x. 

2.2 Vector Potential 

With the same assumpt ions as in the previous sec-
tion. the retarded current density for a t ime-indepen-
dent charge distr ibution moving according to (1) is 

jx(x',t') = g(x')v(tr,t0), jy(x',t')=jz(x',t') = 0 (23) 

with according to (4 a) and since tr = —r'/c 

v(tr,t0) = p(t0- r'/c) [1 +p2(t0- r'/c)2} - 1 / 2 . (23 a) 

So for the retarded potential we have Ay = A, = 0 and 

Ax(0, 0) = (4n E0 C 2 ) - 1 J r'"1 g(x') v(tr, r0) d 3 x ' . (24) 

Then, using (18), (19), (20) and the relation v(0, r0) = 
p t0(\ + p2 tl)~112 we get to the order 0(b~3) the pres-
ent posi t ion integral for the componen t Ax of the vec-
tor potential 

Ax(0,0) = (4 n E0 c2) v(0, t0) J r~1 B~1 (x) g(x) d 3 x . (25) 

Such a result could not have been obtained for the 
Möller hyperbolic mot ion (2) since in this case the 
velocity depends on x'. 

3. Relativistic Transformation of Potentials 

3.1 Frenet-Serret Tetrad 

As said in the introduct ion, for a system moving 
along a curve F in space-time the ins tantaneous co-
moving inertial f rame S is provided by the Frenet-Ser-
ret te t rad made of four or thogonal unit vectors e(M) at 
each point of the curve. The four velocity u'' is taken 
as time-like unit vector u''e(0), and the three space-like 
vectors e{k) are obta ined from the relations 

[24] 0/6s <?,<>, = a <?(i), 0 / 6 s e n ) = b e{2) + a e{i), (26) 

0/ÖS e(2) = c e(3) = c eiU-be{h, d/ds E (3)= -c e(2). 

The coefficients a, b, c, are nonnegative and d/ds is the 
absolute derivative. Fo r a four vector A* we have 

d/ds A'1 = uv dv A11 + rjß A* uß • (27) 

ö/( = d/dxfl and the parameters FJfc are the Christoffel 
symbols. The greek (resp.latin) indices take the values 
0, 1, 2, 3 (resp. 1, 2, 3), and we use the summat ion 
convention. With x denot ing coordinates and e unit 
vectors we use the following nota t ions respectively in 
the labora tory f rame L, the comoving frame K and the 

ins tantaneous comoving inertial f rame S 

{x"(ct, x, y, z); efl}L, {x'"(cr', x', z')\ e'fl}K, 

{x"" ( cT ,X , y , Z ) ; ^ } s , (28) 

Let us now define the Frenet-Serret tetrad for the 
hyperbolic mot ion (1). Using cartesian coordinates, 
the metric of the Minkowski space-time in the labora-
tory f rame has the simple form ds2 = c2 dr2 — dx,-dx1' 
so that the Christoffel symbols are zero. According to 
(3), the three velocity of the hyperbolic mot ion is 
v = c t anh pt' so that the corresponding four velocity 
is 

= (cosh p t', sinh p f', 0, 0) 

and consequently 

e(Q) — cosh pt' e0 + sinh pt' ex . (29 a) 

Using (26), (27) and the relation 6f- = cosh pt' 6f + 
sinh pt' c"1 dx we get f rom (29a) 

e{]) — sinh pt' eQ + cosh pt' e , , e(2) = e2, e(3) = e3. (29b) 

So the ins tan taneous Lorentz t ransform between the 
labora tory inertial f r ame L and the comoving inertial 
f rame S (Frenet-Serret tetrad) is 

(/'i" 

c o s h pt' s i n h pt' 0 

s i nh pt' c o s h pt' 0 

0 0 1 
(30) 

that is with the no ta t ions (28) 

c dr = cosh pt' c d T + sinh pt'dX, 

dx = sinh p t' c dr + cosh p t' dX . ( 3 1 ) 

Let us now consider the two four vectors j, A having 
respectively g and 0 as their zero componen t while 
their other componen t s correspond to the current 
density and to the magnet ic potential. F rom the rela-
tions = Aj1^ j{v), A'1 = A^ A(v) we get for a charge at 
rest in the Frenet-Serret te t rad (j(k) = A{k) = 0 

£°(x) = cosh pt' g(0)(X), 

ji{x = sinh pt' gi0)(X), j2=j3 = 0 , 

0° (x ) = cosh pt' (f)i0)(X), 

/ l 1 (x) = sinh pt' (f)(0)(X), A2 = A*=0. (32) 

Let us now explicit the relations between four vectors 
in the two comoving f rames K and S. Start ing f rom 
the relations between the unit vectors in the L and K 
frames 

e'0 — cosh pt' e0 + sinh pt' ex, e'j = e j (33) 
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we get f rom (29) 

*(0) = * 0 . e ( 2 ) = e 2 , *<3) = e ' i ' 

e(1) = tanh pt' e'0 + (cosh pt')~1 e\ (34) 

so that 

c dt ' = c d T + tanh pt' d X , 

dx ' = (cosh pt')'1 dX. (35) 

Eliminating dX, dX in (35) with the help of (31) leads 
to an integrable system of part ial differential equa-
tions supplying the equat ion (5). A charge distr ibution 
at rest in the Frenet-Serret te t rad is also at rest in the 
K frame. And in this case the charge and current 
densities as well as potentials t ransform according to 
(34) as 

ö ' 0 (x ' ) = ö ( 0 W , j'k(x') = jw(X), 

0 ' o (x ' ) = 0 ( O ) (X) , A'k{x')= Aik)(X). (36) 

Maxwell 's equat ions in the comoving f rame K are 
discussed in [15]. 

3.2 Potentials in the Frenet-Serret Tetrad 

In the Frenet-Serret te t rad S in which the charge 
element dö = ö ( 0 > (^ ) d 3 X is at rest at the point X the 
electric potential (f){0)(Xp) at a point X p in S is given 
by the C o u l o m b law 

0 < O ) (* P ) = (4 Tifio)-1 j \ X - X p \ - 1 0 ( O )(X) d 3 X . (37) 

N o w we first remark that for t = 0 we get f rom (4 a) and 
(31) 

cosh pt' = ( 1 + p2 f 2 ) 1 / 2 = y, d X = d (yx ) , (38) 

and that the point x'p in the K- f rame corresponding to 
the origin x = r = 0 of the L- f rame is according to (5) 

x'p = b( 1 - y ) , y'p = z'p = 0 , (39) 

so that integrating the second equat ion (35) gives the 
point X p in the Frenet-Serret tetrad 

Xp = by( 1 - y ) , Yp = Zp = 0 . (39a) 

Then, using (32), (38) and taking into account (39 a), 
the integral (37) becomes in the labora tory f rame 

y 0) 
= (4 7 t £ 0 ) - 1 J [y 2 x 2 + y 2 - t - z 2 ] - 1 / 2 y ~ 1

 ö ° ( x ) d 3 ( y x ) , 

so 

(j)0 (0, 0) = (4 n £0) •-1 j [x2 + y2 (y2 + z 2 ) ]~ 1 / 2 g° (x) d 3 x . 

(40) 

847 

This expression is formally the same as for a uniformly 
moving charge [1] but here y is an ins tan taneous factor 
depending on the time t0 when the charge distr ibution 
is put in mot ion and on the time of observation. 

For the vector potential we get f rom (32) A1 = 
tanh pt' </>°, A2 = A3 = 0, SO using (3), (4a) and (40) 

Ax(0, 0) = (4n e0 c2)'1 v(0, t0) j (41) 

• [x2 + y2(y2 + z 2 ) ] - 1 / 2
0 ° ( x ) d 3 x , Ay = Az = 0, 

which is also formally the same as for a uniformly 
moving charge [1]. 

In the comoving f rame K we get f rom (35), (36) and 
(39) 

0 ' ° ( x ; ) = (4 7T£o)-1 J (42) 

• [(x' - x ; ) 2 + y - 2 (y'2 + z'2)] - l ' 2 Q'°(x') d 3 x ' , 

and the vector potential is zero. 

4. Discussion 

That both procedures give different expressions for 
the present position integrals is due to the fact that the 
coaccelerating f rame K is ho lonomic while the Frenet-
Serret tetrad is nonho lonomic (an excellent discussion 
of holonomic and nonho lonomic frames is given in 
[29]). Such a difference of course does not exist for 
uniform motions. One could call H and NH-presen t 
position potentials the integrals (14) and (40). 

There exists a somewhat similar discrepancy for 
Maxwell 's equat ions in rota t ing frames where the 
holonomic and nonho lonomic approaches do not 
give equivalent equat ions when one uses the conven-
tional rotat ion t ransformat ion. But recently [23], it 
has been proved that this discrepancy disappears if a 
more general rotat ion t ransformat ion is implemented. 

So, since many different description of the hyper-
bolic mot ion are possible, the quest ion is whether 
there exists a system of equat ions such that ho lonomic 
and nonholonomic approaches give the same expres-
sion for the present posit ion integrals. 
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